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Problems considered

 Classification:

Given a set of D-dimensional data

each belonging to a class in a class set {1,…,C},
calculate a model M that can be used in order to predict the 

label of a sample x*. 

Input: A set of vectors 

and the corresponding labels li, i=1,…,N, li Є {1,…,C}.

Output: The model M, which can be a set of vectors and 

scalars, e.g. M = {wk, bk , k=1,…C}.



Problems considered

 Two-class linear classification:

 Positive and negative classes.

+
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Problems considered

 Multi-class linear classification:

 Multiple classes {1,…,C}.



Problems considered

 Multi-class nonlinear (kernel) classification:

 Multiple classes {1,…,C}.



Problems considered

 Subspace learning:

Given a set of D-dimensional data
find a model M that can be used in order to map a sample x* to

a d-dimensional space.

Unsupervised subspace learning

Properties of data are enhanced, e.g. data variance 

maximization in PCA.

Input: A set of vectors                                                 .

Output: The model M, which can be a set of vectors and 

scalars, e.g. M = {wk, bk , k=1,…C}.



Input space RD PCA space Rd, d ≤ D
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Problems considered

 Subspace learning:

Given a set of D-dimensional data
find a model M that can be used in order to map a sample x* to

a d-dimensional space.

Supervised subspace learning

Class discrimination is enhanced.

Input: A set of vectors                                                 

and the corresponding labels li, i=1,…,N, li Є {1,…,C}.

Output: The model M, which can be a set of vectors and 

scalars, e.g. M = {wk, bk , k=1,…C}.



Input space RD LDA space Rd, d ≤ D
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Problems considered

 Semi-supervised learning:

Given a set of D-dimensional data

which is partly labeled in a class set {1,…,C}, calculate a 
model M that can be used in order to predict the label of a 

sample x*. 

Input: A set of vectors 

and the corresponding labels li, i=1,…,n<N, li Є {1,…,C}.

Output: The model M, which can be a set of vectors and 

scalars, e.g. M = {wk, bk , k=1,…C}.



Problems considered

 Semi-supervised learning:

Given a set of D-dimensional data

which is partly labeled in a class set {1,…,C}, calculate a 
model M that can be used in order to predict the label of a 

sample x*. 

+
-

+

-



Bayesian Learning

Basic formulas:

 Product Rule: For two events A and B, the joint probability 

P(AB) is given by: 

 Sum Rule: For two events A and B, the probability of their 

union is given by:

 Total Probability: if events A1, …., An are mutually exclusive: 
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(events)
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Bayesian Learning

Definitions and notation:

 Let us assume that in our problem we have C possible outcomes 

(events)

 Let us define by hi the hypothesis that the i-th event is true

 Let us assume that we have measurements (observations) D. 

These can be:

 A set of data

 A new sample

 Both the above
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Bayesian Learning

Definitions and notation:

 Let us assume that in our problem we have C possible outcomes 

(events)

 Let us define by hi the hypothesis that the i-th event is true

 Let us assume that we have measurements (observations) D.

 P(hi |D) is what we would like to estimate!

 Bayes theorem:

𝑃 ℎ𝑖 𝐷 =
𝑃 𝐷 ℎ𝑖 𝑃(ℎ𝑖)

𝑃(𝐷)



Bayesian Learning

Maximum a Posteriori (MAP) hypothesis

 Let us assume that all possible events are in H = {h1, h2, …, hC}

 Given the observations D, which is the most probable 

hypothesis?



Bayesian Learning

Maximum a Posteriori (MAP) hypothesis

 Let us assume that all possible events are in H = {h1, h2, …, hC}

 Given the observations D, which is the most probable 

hypothesis?

 The hypothesis with the maximal (conditional) probability is 

called MAP hypothesis:

ℎ∗ = argmax
ℎ𝑖Є 𝐻

𝑃(ℎ𝑖|𝐷)

= argmax
ℎ𝑖Є 𝐻

𝑃 𝐷 ℎ𝑖 𝑃 ℎ𝑖

𝑃(𝐷)

= argmax
ℎ𝑖Є 𝐻

𝑃 𝐷 ℎ𝑖 𝑃 ℎ𝑖



Bayesian Learning

Maximum Likelihood

 Let us assume that all possible events are in H = {h1, h2, …, hC}

 Given the observations D, which is the most probable 

hypothesis?

 If we assume that P(h1) = P(h2) = … = P(hC)

ℎ∗ = argmax
ℎ𝑖Є 𝐻

𝑃(ℎ𝑖|𝐷)

= argmax
ℎ𝑖Є 𝐻

𝑃 𝐷 ℎ𝑖 𝑃 ℎ𝑖

𝑃(𝐷)

= argmax
ℎ𝑖Є 𝐻

𝑃 𝐷 ℎ𝑖
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Bayesian Learning

 One way to use the above in ML:

 Let us assume that we have two classes

 In which class should we classify the new sample? 

 We should calculate 𝑃(ℎ1|𝑥
∗, 𝐷) and 𝑃(ℎ2|𝑥

∗, 𝐷) and 

assign the new sample to the one providing  the maximal 

probability  Fit Gaussian distribution to each class

𝑑 (𝑥∗, 𝜇𝑖) = (𝑥∗−𝜇𝑖)
𝑇(𝑥∗−𝜇𝑖)

= 𝑥∗−𝜇𝑖 2
2

𝑃 ℎ𝑖 𝑥
∗, 𝐷 =

𝑒−𝑑(𝑥
∗,𝜇𝑖)

σ𝑘 𝑒
−𝑑(𝑥∗,𝜇𝑘)

𝜇1

𝜇2
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 The above described approach does not involve training!

 Can we train a model which can enhance the 

performance?



Bayesian and Subspace Learning

 One way to use the above in ML:

 The above described approach does not involve training!

 Can we train a model which can enhance the 

performance?

 Let us define a data transformation:

𝑦𝑖 = 𝑊𝑇𝑥𝑖
and calculate the distance in the new space

𝑑𝑊(𝑥
∗, 𝜇𝑖) = (𝑥∗−𝜇𝑖)

𝑇(𝑥∗−𝜇𝑖)

= 𝑊𝑇𝑥∗−𝑊𝑇𝜇𝑖 2
2

𝑃 ℎ𝑖 𝑥
∗, 𝐷 =

𝑒−𝑑𝑊(𝑥∗,𝜇𝑖)

σ𝑘 𝑒
−𝑑𝑊(𝑥∗,𝜇𝑘)



Bayesian and Subspace Learning

 W can be learned in order to maximize the training error (or 

equivalently, to maximize the probability of correct 

classification):

 Gradient-based optimization:

T. Mesnik, J. Verbeek, F. Perronnin and G. Csurka, “Distance-based image classification: Generalizing to new 

classes at near-zero cost”, IEEE T-PAMI, 2013

A. Iosifidis, A. Tefas and I. Pitas, “Distance-based action recognition using optimized class representations”, 

Neurocomputing, 2014 



Bayesian and Subspace Learning

 Extensions:

 Determine better vectors to represent classes

 Alternating optimization between W and μc.

T. Mesnik, J. Verbeek, F. Perronnin and G. Csurka, “Distance-based image classification: Generalizing to new 

classes at near-zero cost”, IEEE T-PAMI, 2013

A. Iosifidis, A. Tefas and I. Pitas, “Distance-based action recognition using optimized class representations”, 

Neurocomputing, 2014 



Bayesian and Subspace Learning

 Extensions:

 Use multiple class representations

T. Mesnik, J. Verbeek, F. Perronnin and G. Csurka, “Distance-based image classification: Generalizing to new 

classes at near-zero cost”, IEEE T-PAMI, 2013

A. Iosifidis, A. Tefas and I. Pitas, “Distance-based action recognition using optimized class representations”, 

Neurocomputing, 2014 



 Linear Discriminant Analysis: Find an optimal projection that can 

increase class discrimination:

 W is calculated by applying eigenanalysis to the matrix S = Sb
-1Sw

 In order to solve singularity issues ෩𝑺b = Sb + γI

Standard and more recent SL methods
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Class mean vectors

Standard and more recent SL methods
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 Matrices Sb and Sw can be expressed by using graph 

notations as:

Sw = X Lw XT Sb = X Lb XT

 The above expression is simple, yet powerful:
 Use of different L(?) matrices leads to the description of 

different relationships for the data (and/or classes)

 Examples:
 Linear Discriminant Analysis

 Principal Component Analysis

 Local Fisher Discriminant Analysis

 Marginal Discriminant Analysis

 Class-Specific Discriminant Analysis

S. Yan, D. Xu, B. Zhang and H. Zhang, “Graph Embedding and Extensions: A General Framework 

for Dimensionality Reduction”, IEEE T-PAMI, 2007.

A. Iosifidis, A. Tefas and I. Pitas, “Class-specific Reference Discriminant Analysis with application 

in Human Behavior Analysis”, IEEE T-HMS, 2015.

Standard and more recent kernel methods



 Matrix Si (for 2-NN) encodes:

 Other number of NNs can also be used (usually NNs ≥ 5).

S. Yan, D. Xu, B. Zhang and H. Zhang, “Graph Embedding and Extensions: A General Framework 

for Dimensionality Reduction”, IEEE T-PAMI, 2007.

Standard and more recent kernel methods



 Matrix Sp (for 2-NN) encodes:

 Other number of NNs can also be used (usually NNs ≥ 5).

S. Yan, D. Xu, B. Zhang and H. Zhang, “Graph Embedding and Extensions: A General Framework 

for Dimensionality Reduction”, IEEE T-PAMI, 2007.

Standard and more recent kernel methods



 Class-specific Discriminant Analysis:

G. Goudelis, S. Zafeiriou, A. Tefas and I. Pitas, “Class-specific kernel discriminant analysis for face 

verification”, IEEE T-IFS, 2007.

A. Iosifidis, A. Tefas and I. Pitas, “Class-specific Reference Discriminant Analysis with application 

in Human Behavior Analysis”, IEEE T-HMS, 2015.

Standard and more recent kernel methods

Si Sp



 Assumption of LDA: classes follow Gaussian distributions with the 

same covariance structure.

A. Iosifidis, A. Tefas and I. Pitas, “On the Optimal Representation in Linear Discriminant Analysis”, 

IEEE T-NNLS, 2013.

Standard and more recent SL methods
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same covariance structure.
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 Assumption of LDA: classes follow Gaussian distributions with the 

same covariance structure.

 For a given projection space, the optimal class representation is 

given by:

 Iterative optimization process for obtaining both optimal projection 

and class representations.

A. Iosifidis, A. Tefas and I. Pitas, “On the Optimal Representation in Linear Discriminant Analysis”, 

IEEE T-NNLS, 2013.

Standard and more recent SL methods



A. Iosifidis, A. Tefas and I. Pitas, “On the Optimal Representation in Linear Discriminant Analysis”, 

IEEE T-NNLS, 2013.

Standard and more recent SL methods



A. Iosifidis, A. Tefas and I. Pitas, “On the Optimal Representation in Linear Discriminant Analysis”, 

IEEE T-NNLS, 2013.

ORL faces

Mobiserv-AIIA actions

Standard and more recent SL methods



Classification

 Classification:

Given a set of D-dimensional data

each belonging to a class in a class set {1,…,C},
calculate a model M that can be used in order to predict the 

label of a sample x*. 

Input: A set of vectors 

and the corresponding labels li, i=1,…,N, li Є {1,…,C}.

Output: The model M, which can be a set of vectors and 

scalars, e.g. M = {wk, bk , k=1,…C}.



 Nearest neighbor classifier:

 Assign the class of the sample’s nearest 

neighbor

Standard and more recent classifiers



 Nearest neighbor classifier:

 Assign the class of the sample’s nearest 

neighbor

 Calculate and sort N distance values

Standard and more recent classifiers



 Nearest class centroid classifier:

 Represent each class with a vector (usually the 

class mean)

 Assign the class of the sample’s nearest class 

vector

Standard and more recent classifiers



 Support Vector Machine:

V. Vapnik, “Statistical Learning Theory”, Wiley, New York, 1998.

Standard and more recent classifiers



 Support Vector Machine:
 Define the hyperplane corresponding to the maximal 

margin

 w is defined only using the support vectors.
wTx + b = -1 wTx + b = 1wTx + b = 0

2/||w||

V. Vapnik, “Statistical Learning Theory”, Wiley, New York, 1998.

Standard and more recent classifiers



 Support Vector Machine:
Binary classification

yi Є {-1,1} are the binary labels

V. Vapnik, “Statistical Learning Theory”, Wiley, New York, 1998.

Standard and more recent classifiers



 Support Vector Machine:
Dual problem

s.t.: 0 < αi < C,

or in a matrix form:

V. Vapnik, “Statistical Learning Theory”, Wiley, New York, 1998.

K

Standard and more recent classifiers



 Multi-class SVM-based classification:

s.t.: 

 Joint optimization of C decision functions {wk, bk}, k=1, …, C.

 Equivalent to binary SVM for C = 2.

J. Weston and C. Watkins, “Multi-class Support Vector Machines”, ESANN, 1999.

C

Standard and more recent classifiers



 Multi-class SVM-based classification:
Dual problem

s.t.: 

J. Weston and C. Watkins, “Multi-class Support Vector Machines”, ESANN, 1999.

K

C

C

Standard and more recent classifiers



 Multi-class Maximum Margin Classification exploiting 

Geometric Information:

s.t.: 

 Joint optimization of C decision functions {wk, bk}, k=1, …, C.

A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

Discriminant Term

C

Standard and more recent classifiers



 Multi-class classification:

s.t.: 

 Joint optimization of C decision functions {wk, bk}, k=1, …, C.

 Incorporation of the last term has the effect of:

 inherently exploiting a data transformation in a new 

(discriminant) space, 

 MMC is applied in that (discriminant) space. 

A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

Discriminant Term

C

Standard and more recent classifiers



A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

 Linear case: 
Equivalent to applying SVM in the discriminant space defined by 

Si and Sp

Standard and more recent classifiers



A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

[1] G. Arvanitis and A. Tefas, “Exploiting Graph Embedding in Support Vector Machines”, IEEE W-MLSP, 

2012.

[10] X. He, Z. Wang, C. Jin, Y. Zheng and X. Xue, “A simplified multi-class support vector machine with 

reduced dual optimization”, PRL, 2012.

[22] I. Kotsia and I. Pitas, “Facial expression recognition in image sequences using geometric deformation 

features and Support Vector Machines”, IEEE T-IP, 2007.

Standard and more recent classifiers



Kernel-based learning

 Basic idea:
1. Data mapping to a new feature space     using a function φ(∙):

2. Application of a linear method in 

 If φ(∙) is suitably chosen, complex relations between the data can be 

simplified.



Kernel-based learning

Input space RD
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Input space RD

Input space RD

Feature space 



Kernel-based learning

 Representer Theorem:
The parameters of our model M = {wk, k=1,…C}

can be written as a linear combination of the data xi : 

𝒘𝑘 = σ𝒊=𝟏
𝑵 𝒙𝑖𝑎𝑖,𝑘 = 𝑿 𝜶𝒌

𝑾 = 𝒘𝟏𝒘𝟐… 𝒘𝑪 = σ𝒊=𝟏
𝑵 𝒙𝒊𝜶𝒊

𝑻 = 𝑿 𝑨

In the case of data representations in     :

𝑾 = 𝒘𝟏𝒘𝟐… 𝒘𝑪 = σ𝒊=𝟏
𝑵 𝜑(𝒙𝒊)𝜶𝒊

𝑻 = 𝚽 𝑨

F. Girosi, “An equivalence between sparse approximation and support vector machines”, Neural Computation, 1998.

B. Schӧlkopf et al. “A generalized representer theorem”, CLT, 2001.

A. Argyriou et al. “When is There a Representer Theorem? Vector Versus Matrix Regularizers”, JMLR, 2009.



Kernel-based learning

 Kernel trick:
Dot products between samples in      can be calculated by using a 

kernel function κ(∙,∙), and stored in the kernel matrix:

K = ΦΤΦ

 Mercer Theorem:

The kernel matrix is Symmetric Positive Definite (SPD) 

Any symmetric positive definite matrix can be considered as a

kernel matrix, encoding the data inner products in a feature space. 

 Any (similarity) function (not necessarily in a Euclidean space) 

leading to SPD matrix can be considered as a kernel.

 What happens with indefinite matrices? Not in this talk.

N. Kwak, “Nonlinear Projection Trick in kernel methods: an alternative to the kernel trick”, IEEE T-NNLS, 2013.

T. Schleif and P. Tino, “Indefinite proximity learning: A review”, Neural Computation, 2015.



 Multi-class classification with kernels:

s.t.: 

 Joint optimization of C decision functions {wk, bk}, k=1, …, C.

 Incorporation of the last term has the effect of:

 inherently exploiting a data transformation in a new 

(discriminant) space, 

 MMC is applied in that (discriminant) space. 

A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

Discriminant Term

C

Standard and more recent kernel methods



A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

Standard and more recent kernel methods

 Nonlinear case: 

Equivalent to applying SVM in a discriminant feature space,

encoded by the following kernel matrix:

 Depending on the Laplacian matrices Li, Lp, different decision 

functions are obtained.

 General framework for maximum-margin classification exploiting 

geometric data relationships. 



Standard and more recent kernel methods

A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

[10] X. He, Z. Wang, C. Jin, Y. Zheng and X. Xue, “A simplified multi-class support vector machine with 

reduced dual optimization”, PRL, 2012.

[22] I. Kotsia and I. Pitas, “Facial expression recognition in image sequences using geometric deformation 

features and Support Vector Machines”, IEEE T-IP, 2007.



A. Iosifidis and M. Gabbouj, “Multi-class Support Vector Machine Classifiers using Intrinsic and 

Penalty Graphs”, Pattern Recognition, 2016.

[1] G. Arvanitis and A. Tefas, “Exploiting Graph Embedding in Support Vector Machines”, IEEE W-MLSP, 

2012.

[22] I. Kotsia and I. Pitas, “Facial expression recognition in image sequences using geometric deformation 

features and Support Vector Machines”, IEEE T-IP, 2007.

Standard and more recent kernel methods



 Extension of linear SL methods to the nonlinear case:

1. Data mapping to the feature space:

2. Application of the linear projection in 

Si = Φ Li Φ
T Sp = Φ Lp Φ

T

WTSiW = ATΦTΦ Li Φ
TΦA = ATK Li KA 

WTSpW = ATΦTΦ Lp Φ
TΦA = ATK Lp KA 

 A is calculated by applying eigenanalysis to the matrix 

(K Lp K)-1(K Li K) 

Standard and more recent kernel methods

S. Yan, D. Xu, B. Zhang and H. Zhang, “Graph Embedding and Extensions: A General Framework 

for Dimensionality Reduction”, IEEE T-PAMI, 2007.



 Assumption of KDA: Classes follow Gaussian distributions in the 

feature space with the same covariance structure.

 For a given projection space, the optimal class representation is 

given by (nonlinear case):

Standard and more recent kernel methods

A. Iosifidis , A. Tefas and I. Pitas, “Kernel Reference Discriminant Analysis”, PRL, 2014.



Standard and more recent kernel methods

A. Iosifidis , A. Tefas and I. Pitas, “Kernel Reference Discriminant Analysis”, PRL, 2014.



Standard and more recent kernel methods

A. Iosifidis , A. Tefas and I. Pitas, “Kernel Reference Discriminant Analysis”, PRL, 2014.

Hollywood2 actions
Olympic sports actions



 Infinite Single Layer Feedforward network:

- Nonlinear activation function in input layer,

- Linear activation function in output layer,

- L  ∞.

 By setting a Gaussian prior to the hidden 

layer weights, infinite SLFNs can be 

described as a Gaussian process.

 For a Gaussian prior                   over Win, 

the covariance function in the feature space 

defined on the hidden layer outputs is given 

by:

Connection of kernel methods with Infinite 

Neural Networks

xi ti

C



 Infinite Single Layer Feedforward network:

- Nonlinear activation function in input layer,

- Linear activation function in output layer,

- L  ∞.

 For                   , the covariance function 

C(xi,xj) of an I-SLFN becomes the Radial 

Basis Function (RBF) kernel.

 I-SFLN can be trained by applying kernel 

regression.

Connection of kernel methods with Infinite 

Neural Networks

xi ti

C

R. Neal, “Bayesian learning for neural networks”, Lecture Notes in Statistics, 1996.

C. Williams, “Computation with infinite neural networks”, Neural Computation, 1998.



Standard and more recent kernel methods

 Regression: 
Given a set of D-dimensional data

find a mapping of φ(xi) to a target vector ti:

In a matrix form:

Solution:



Standard and more recent kernel methods

 Can kernel methods go deep? 
- Hierarchical feature space definition

- Kernel matrix after L hidden kernel layers:

- Linear method in the feature space determined by the L-th kernel 

layer:

Y. Cho and S. Saul, “Kernel methods for deep learning”, NIPS, 2009.

A. Iosifidis and M. Gabbouj, “Class-Specific Kernel Discriminant Analysis revisited: further analysis 

and extensions”,IEEE T-Cyb, under review.



Standard and more recent kernel methods

 Can kernel methods be applied directly to raw data? 
- Hierarchical feature space definition based on raw data

- Kernel matrix for image patches:

- Other kernel space definitions are possible, for different 

applications (except from classification). 

J. Mairal, P. Koniusz, Z. Harchaoui and C. Schmid. “Convolutional Kernel Networks”, NIPS, 2014.

C. Aytekin A. Iosifidis, S. Kiranyaz and M. Gabbouj, “Learning Graph Affinities for Saliency Object 

Detection”, Pattern Recognition, under review.



Computational Issues

 Kernel methods solution requires:
- Calculation and storage of NxN matrices (kernel, Laplacian)

- Manipulation of such matrices (e.g. eigenanalysis, inversion)

 In most cases:
- Quadratic space complexity O(N2)

- Cubic time complexity O(N3)

 Impractical for recent large-scale datasets!
Example

For a dataset of 106 samples, storage of K requires:

8bytes * 106 *106
 8 TB 



Computational Issues

 Approaches:
- Low-rank approximation

- Reduced kernel

- Randomized kernels

 We will review these approaches for nonlinear regression.

A. Iosifidis, A. Tefas, I. Pitas and M. Gabbouj, “A review of approximate methods for kernel-based 

Big Media Data Analysis”, EUSIPCO, 2016



Computational Issues

 Low-rank approximation approach:
- Determination of a low-rank approximation for

using                                      :

- Then, we have:

A. Iosifidis, A. Tefas, I. Pitas and M. Gabbouj, “A review of approximate methods for kernel-based 

Big Media Data Analysis”, EUSIPCO, 2016



Computational Issues

 Low-rank approximation approach:
- Determination of a low-rank approximation for

using                                      :

- C can be calculated by applying eigenanalysis to K = UΛUT

and keeping the eigenvectors corresponding to the n largest

eigenvalues:

B. Schӧkopf, A. Smola and K. Mṻller, “Nonlinear component analysis as a kernel eigenvalue 

problem”, Neural Computation, 1998.

S. Mika et al. “Kernel PCA and de-noising in feature spaces”< NIPS, 1999.

N. Kwak, “Nonlinear Projection Trick in kernel methods: an alternative to the kernel trick”, IEEE T-

NNLS, 2013.



Computational Issues

 Low-rank approximation approach:
- Determination of a low-rank approximation for

using                                      :

 C can be used to represent data in a feature space  direct 

application of linear methods on C!

 When N is big, its calculation is problematic.

B. Schӧkopf, A. Smola and K. Mṻller, “Nonlinear component analysis as a kernel eigenvalue 

problem”, Neural Computation, 1998.

S. Mika et al. “Kernel PCA and de-noising in feature spaces”< NIPS, 1999.

N. Kwak, “Nonlinear Projection Trick in kernel methods: an alternative to the kernel trick”, IEEE T-

NNLS, 2013.



Computational Issues

 Nystrӧm approximation:

Knn and KNn are submatrices of K

 Then: 

C. Williams and M. Seeger, “Using the Nystrӧm method to speedup kernel machines”, NIPS, 2001.

S. Sun, J. Zhao and J. Zhu, “A review of Nystrӧm methods for large-scale machine learning”, 

Information Fusion, 2015.

A. Iosifidis and M. Gabbouj, “Nystrӧm-based Approximate Kernel Subspace Learning, Pattern 

Recognition, 2016.



Computational Issues

 Selection of Knn and KNn:
- Uniform sampling

- Probabilistic sampling

- Column-norm sampling

- Adaptive sampling

- Clustering-based sampling

C. Williams and M. Seeger, “Using the Nystrӧm method to speedup kernel machines”, NIPS, 2001.

P. Drineas and M.W. Mahoney, “On the Nystrӧm method for approximating a gram matrix for 

improved kernel-based learning”, JMLR, 2005.

P. Drineas, R. Kannan and M.W. Mahoney, “Fast Monte Carlo algorithms for Matrices II: 

Computing a low-rank approximation to a matrix”, SIAM Journal on Computing, 2011.

K. Zhang, I.W. Tsang and J.T. Kwok, “Improved Nystrӧm low-rank approximation and error 

analysis”, ICML, 2008.

M.A. Belabbas and P.J. Wolf, “Spectral methods in machine learning and new strategies for very 

large datasets”, Proceedings of the National Academy of Sciences, 2006.



Computational Issues

 Extensions:
- Density Weight Nystrӧm

- Spectral shifting

- Ensemble Nystrӧm

- CUR-based Nystrӧm

- Double Nystrӧm

K. Zhang and J.T. Kwok, “Density-weighted Nystrӧm methods for computing large kernel 

eigensystems”, Neural Computation, 2009.

Z. Zhang, “The matrix ridge approximation: algorithms and applications”, Machine Learning, 2014.

S. Kumar, M. Mohri and A. Talwalkar, “Ensemble Nystrӧm method”, NIPS, 2009.

S. Wang and Z. Zhang, “Improving CUR matrix decomposition and Nystrӧm approximation via 

adaptive sampling”, JMLR, 2013.

W. Lim, M. Kim, H. Park and K. Jung, “Double Nystrӧm Method: An Efficient and Accurate Nystrӧm 

Scheme for Large-Scale Data Sets”, ICML, 2015



Computational Issues

 Use of reduced kernels:

- Solution of a reduced learning problem

- Use of a reduced Representer Theorem definition



Computational Issues

 Use of reduced kernels:
- Solution of a reduced learning problem:

Selection of a subset of data                     , K < N, and application 

of the original kernel method:

is a (column) permuation matrix and

is a diagonal matrix with ones.

 For several sample density functions and optimization criteria, it 

provides the best approximation.

N. Cesa-Bianchi, Y. Mansour and O. Shamir, “On the Complexity of Learning with Kernels”, JMLR, 

2015.



Computational Issues

 Use of reduced kernels:
- Use of a reduced Representer Theorem definition:

where:



Computational Issues

 Use of reduced kernels:
- Use of a reduced Representer Theorem definition:

- Using this definition, we have:

and 

 It has been shown that random data selection for the determination 

of Φ, has the effect of regularization.

A. Iosifidis and M. Gabbouj, “Scaling Up Class-Specific Kernel Discriminant Analysis for Large-

Scale Face Verification”, IEEE T-IFS, 2016.



Computational Issues

 Reference vectors     can be:
- Randomly chosen training samples

- Cluster centers

- Class data (class-specific models)

 In the case of Class-Specific projections, the use of class data 

corresponds to Nystrӧm-based approximation.

A. Iosifidis and M. Gabbouj, “Scaling Up Class-Specific Kernel Discriminant Analysis for Large-

Scale Face Verification”, IEEE T-IFS, 2016.



Computational Issues

A. Iosifidis and M. Gabbouj, “Scaling Up Class-Specific Kernel Discriminant Analysis for Large-

Scale Face Verification”, IEEE T-IFS, 2016.

EER in PubFig+LFW faces



Computational Issues

 Use of randomized kernel definition:
- Connection between infinite SLFNs and kernels:

- Calculation of the data representations in the network’s hidden

layer feature space                   , where:

- For infinite SLFNs:   K = HTH.

- The use of fewer hidden neurons corresponds to an 

approximation:

C.K. Williams, “Computation with Infinite Neural Networks”, Neural Computation, 1998.



Computational Issues

 Use of randomized kernel definition:
- Using H:

and 



Computational Issues

 The randomized kernel definition has been used to:
- Extreme Learning Machine-based classifiers

- Dimensionality reduction techniques

- Random Kitchen Sinks

G.B. Huang, Q.Y. Zhu and C.K. Siew, “Extreme learning machine: a new learning scheme of 

feedforward neural networks”, IEEE IJCNN, 2004.

X. Liu, S. Lin, J. Fang and Z. Xu, “Is Extreme Learning Machine feasible? A theoretical 

assessment (Parts I-II), IEEE T-NNLS, 2015.

A. Iosifidis, A. Tefas and I. Pitas, “Regularized Extreme Learning Machine for Multi-view Semi-

supervised Action Recognition”, Neurocomputing, 2014.

A. Rahimi and B. Recht, “Weighted sums of random kitchen sinks: Replacing minimization with 

randomization in learning”, NIPS, 2008.



Computational Issues

 Random Fourier projections for approximation of sift-invariant 

kernels                 :

where {ω, b} are random variables.

A. Rahimi and B. Recht, “Random Features for Large-Scale Kernel Machines”, NIPS, 2007.



Conclusions

 Probabilistic and Statistical learning allows us to define models for 

linear and nonlinear machine learning. 

 Successful application in various problems We hope that they 

will be successful in Finance too!

 Application in Big Data is possible.

 If you want to find out more:  

http://www.cs.tut.fi/~iosifidi/ 



Questions ?


